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ABSTRACT -Let p be an odd prime and let L/k be a Galois extension of number fields whose Galois group is 
isomorphic to the dihedral group of order 2p. Let S be a finite set of primes of L which is stable under the action 
of Gal(i/fc). The Lichtenbaum conjecture on special values of the Dedekind zeta function at negative integers, 
■ together with Brauer formalism for Artin's L-functions, gives a (conjectural) formula relating orders of motivic 
\ cohomology groups of rings of S'-integers and higher regulators of the subextensions of L/k. In analogy with the 
classical case of special values at 0, we give an algebraic proof of this formula, i.e. without using the Lichtenbaum 
conjecture nor Brauer formalism. Our method also gives an interpretation of the regulator term as a higher unit 
index. 
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^ ; 1 General setting and statement of the main result 

\ For a number field E and a finite set of places S of E, denote by Ce the Dedekind S-zeta function of E. 
3 ' For a complex number s, denote by Ce(s)* ^ ne special value of £jj at s (i.e. the first nontrivial coefficient 
of the Laurent expansion of Ce around s). Then by a well-known result of Dirichlet we have the formula 

cKor = -^R s E (i) 

!> w E 

^sO . where is the class number of the ring 0% of 5-inte gers of E, we is the order of the group of roots 
\ of unity of E and is the regulator of (O e ) x . There are conjectural analogues of this formula when 
.• ■ is replaced by negative integers: more precisely, for any integer m > 2, a S- version of the Lichtenbaum 
^ . conjecture reads (see [Li], [Ko| . |Kaj ...) 

h s 

Cl(l - mf = (-l)^rn_E^L RE (2 ) 

WE,m 

^ ■ Here is the order of the motivic cohomology group H 2 (O e , Z(m)) (which is finite by the Bloch-Kato 
■ "conjecture"), u>E, m is the order of the torsion subgroup of the motivic cohomology group H 1 {O e , Z(m)) 
(which is a finitely generated Z-module by the Bloch-Kato "conjecture") and RE,m is the (motivic) 
regulator of H l {0^, Z(m)) (see Section [3]). In this paper we use the definition of motivic cohomology in 
terms of Bloch's higher Chow groups, in other words 

H\O s E , Z(m)) := (Spec(Of), 2m- j) 

Finally, £_E,m G N is given by 
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where r\{E) (resp. ^(-E 1 )) is the number of real places (resp. complex places) of E. 

We now list some known facts about the Lichtenbaum conjecture and motivic cohomology: for any 
further detail and reference to relevant literature we refer the reader to Kolster's and Kahn's excellent 
surveys ([Koj and [Kaj). Here we just recall that, if m > 2, we have 

H\O s E ,Z(m))®Q^K 2m ^(O s E )®Q (3) 

and, since the Bloch-Kato conjecture on the Galois symbol holds (see |Wej ). we also have 

W(O s E , Z(m)) ®z Z e Hi t (p s E [\\ : Z*(m)) j = 1, 2 (4) 

where £ is any prime. Whenever a Galois action is defined on E, the above isomorphisms are invariant 
under this action. 



Then thanks to Wiles' proof of the main conjecture in Iwasawa theory, the Lichtenbaum conjecture 
is known for m > 2 even and E totally real abelian and it is also known to hold up to power of 2 for 
m > 2 even and E totally real. More generally it is known to hold up to power of 2 for E abelian and 
any m > 2. 

Note that i7 1 (0^|, Z(m)) does not depend on S (use for example (jH) and the correspondig property 
for etale cohomology groups, see Lemma l2.10p : so we shall omit the reference to S in w E and R E . 

Now let p be an odd prime. Let D = D p denote the dihedral group of order 2p: in particular 

D = (t, a | t p = a 2 = 1, o-to- = r" 1 ) 

Let L/k be a Galois extension of number fields such that Gal(L/fc) = D (in the rest of this paper we shall 
identify those groups). Let K (resp. K') be the subfield of L fixed by (a) (resp. by (t 2 ct)): in particular 
K' = t{K). Let F be the subfield of L fixed by (r): set G = Gal(L/F) and A = Gal(F/fc). 

Let S be a finite set of places of L which is stable under the action of D and contains the archimedean 
primes (we shall consider only sets of primes containing the archimedean ones, so we will not further 
mention this property). For any subfield E of L containing k, the set of places of E which lie below those 
of S will be denoted by S E or simply again by S if no misunderstanding is possible. The existence of the 
nontrivial D-relation (in the sense of jDDj . see Definition 2.1 and Example 2.4 of that paper) 

{1} -2(a) -G + 2D (5) 

together with Brauer formalism for Artin's L-functions, gives the following formula 

C£00 = C!W^ (6) 

Considering the special value at of © and using ([TJ , we get 

,5 h s(h S K ) 2 *fc»L {R S K?R F m 

which is commonly referred to as the (classical) Brauer-Kuroda formula (for dihedral extensions of order 
2p). It can be shown that the w-factor is actually trivial. More interestingly, the factor involving 
regulators and roots of unity can be expressed as an index of subgroups whose definition involves units 
of sub extensions of L/k (see |Ba| . [Ja] . |HK] . |Lem] . ...). Considering special values at negative integers 
and using ([2]), we get of course, for any m > 2, a conjectural analogue of ([7]) 



,S _ rS ^K,m) 2 ( W k,m) 2w L,m i^K , m) 2 ^F, m . 
n L,m- n F,m (h \2 ' r S \2 q .,S '(T>S )2f>S V»J 
\'lk,m) \ w K,m) W F,m \ n k,m> a L,m 
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(it is easy to see that indeed the signs appearing in cancel each other out in (jSJ), use for example 
Lemma 2.37 of [DD]). 

In this paper we prove ([8]) without using the Lichtenbaum conjecture and actually in an algebraic 
way, i.e. we make no use of L-functions at all. It is worth noting that the u;-term in the above formula 
is trivial, as in the classical case, thanks to the following lemma (if A is a ring and M is an yl-module, 
tor a(M) denotes the torsion submodule of M). 

Lemma 1.1. Let S be a finite set of places of L which is invariant under the action of G&l(L/k). Then 

WL,m=W F ,m and W K ,m=W ktm 

Proof. Recall that for any number field E and any prime I, we have (m > 2) 

tor z (^ 1 (Of, Z(m))) ®z = tor z ,(ffl t (0|[|], Z/(m))) = H°(E, Q e /Z e (m)) 

and the latter has cardinality v^ke^e)" 1 — 1)> where V£ is the £-adic valuation such that Vi(£) = 1, 
ke '■ — > Z* is the cyclotomic character evaluated on Te = Gal(-E(/^c») / E) and je is any topological 
generator of r^. Now, since L/k is not abelian, L n F(fj,£oo) = F. This shows that 

ve(K L ( 7L ) m -l)=v e (K F ( lF ) m -l) 

since restriction maps Tl isomorphically onto IV. A similar argument apply for K and k. 



The proof of the conjectural formula above is achieved by summing up the following two results (which 
are proved respectively in Section [2] and Section [3|), which are maybe interesting in their own right. 

Formula 1. The following formula holds 

n L,m — P n F,i 

where a m = rk% p H F ^ m - vk Zp H k)m and 

_ {HL,m ■ HF,mHK, m HK' ,m){{H F,m) '■ #fc,m) 

where, for a number field E, we have set He,™ = H 1 ^'^, Z p (m)) and H F , m = HE,m/to T zHE, m - 
Formula 2. With notation as in the previous formula, the following formula holds 

-a m _ (RK,m) 2 RF,m 

P Um ~ (TJ \2 p 

\ Jr *-k,mJ r^L^m 

Note that indeed u m and a m do not depend on S because B.E, m doesn't. It will turn out that, as in 
the classical case, u m is a power of p. 

We will divide the proof of Formula Q] in two parts, studying separatedly p-parts and Mparts for any 
prime t ^ p (using then Q to glue all parts together). It should be stressed that the proof for Mparts with 
I 7^ p is really much easier: using just the fact that the cohomology groups involved are cohomological 
Mackey functors (in the sense of Dress, see for example |Boj ) and that D = D p is not ^-hypoelementary, 
we get even more precise structural relations. The proof for p-parts uses mainly descent and co-descent re- 
sults for etale cohomology groups (which are described in [KM], see also |KoJ). This is essentially the only 
arithmetic information which is needed, the rest of the proof being a technical algebraic computation. The 
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proof of Formula [JJ given here can probably be generalized without too much effort to metabelian groups 
whit commutators subgroup of order a power of p and index coprime with p. However that seems not to be 
the best approach for the general case of an arbitrary Galois group. We believe anyway that there exists 
a general algebraic proof of Brauer-Kuroda formulas for an arbitrary finite Galois extension (a higher 
analogue of [dS| ) . It is worth noting that any proof of the classical version of Formula Q] (see |Jaj , [HK , 
|Lem] . ...) uses class field theory and genus theory and considers p-parts and Mparts for t^p separatedly. 

In the last section we perform the proof of Formula [2 The translation of u m in terms of higher (or 
motivic) regulators is done using methods from representation theory which have been introduced by the 
Dokchitser brothers (see for example [DDJ). In particular we follow the strategy of Bartel (see [Ba]), who 
used Dokchitser's ideas to prove a statement analogous to ours in the classical case. In order to use these 
techniques, we need a higher version of Dirichlet's theorem on the Galois structure of units, which we 
state and prove, since we could not find it in the literature. 

Notation and standard results 

• As before, throughout the paper, if A is a commutative ring and M is an A- module, tor a{M) 
denotes the torsion submodule of M. We will also use the notation M for M/tor^M without any 
specific mention to A, since it will be clear from the context which is the ring we are considering. 
Finally, for any a € A, we set M[a] = {m € M \ am = 0}. 

• Let H be a finite group. We denote by Nh = YlheH h ^ A[H] the norm element and by In C A[H] 
the augmentation ideal. If B is a A[i/]-module, we use the following notation 

- B H = {b G B | hb = b for all h £ H}; 

- Bh = B/IhB; 

- B[N H ] = {beB | N H b = 0}. 

If £ is a prime, A = %i and H is a g-group for some prime q ^ £, then 

B H = N H B and B[N H ] = I H B 
since B is (/-divisible (being a Z^-module) and hence ii-cohomologically trivial. 

Aknowledgements I would like to thank Kevin Hutchinson for many enlightening discussions on this 
subject and Manfred Kolster for making me aware of the work of the Dokchitser brothers. 

2 A formula relating higher class numbers and a higher units index 

In this section we prove Formula [TJ First we study the p-part of the problem which is the most delicate. 
The natural number m > 2 will be fixed throughout the section. For any number field E such that 
k C E C L and any finite set S of primes of L, we set 

U Ejm = Hl t {O s E [\],'L p {m)) 

A Etm = Hj t (0 E [±},Z p (m)) 

(in fact, UE, m does not depend on S, see Lemma l2.10p We also fix for this section a finite set T of primes 
of L such that 

• T is stable under the action of D = G&l(L/k); 

• T contains those primes which ramify in L/k; 

• T contains all the primes above p. 
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Since T and m are fixed for this section we will also use the notation Ue for Uew, an d Ae for A E . 
Both Ae and Ue are abelian groups: however, because of their analogies with the ideal class group and 
the unit group of E respectively, we are going to use multiplicative notation for them. 

Note that if Q is a group of automorphisms of E of order 2, then U E = U e q and A E = A e q: this 
follows from the fact that Z p (m) is Q-cohomologically trivial. The following well-known result gives us 
the description of G-descent for Ue and Ae (recall that G = Gal(L/F)). 

Proposition 2.1. The natural map Uf — > U E is an isomorphism and we have an exact sequence 

-> H X (G,U L ) ^Ap^Af^ H 2 (G, U L ) -> 

Proof. See [KM], Theorem 1.2. Note that the hypotheses are satisfied thanks the properties we required 
on T. 

We will often identify Uf with its image in Ul (the same will be done with Uk, U' k and U^). In the 
same way, we will identify Ak and Ak> with their images in Ap. We record now the following easy lemma 
which will be used repeatedly for the rest of this section. 

Lemma 2.2. Let M be a 2-divisible D-module: then the Tate isomorphisms H j (G,M) =i W +2 (G,M) 
are A-antiequivariant, so that in particular, if H J (G, M) is finite for any j £ Z, we have 

\H j (D,M)\ = \H j+2 (G,M)\/\H j+2 (D,M)\ 

Proof We only need to show that Tate's isomorphism is A-antiequivariant. Recall that the Tate isomor- 
phism is given by the cup product with a fixed generator \ °f H 2 (G,7*): 

H l {G,M) — ► H l+2 (G,M) 
x i — > x U x 

The action of 5 € A on H l {G,M) is 5* in the notation of [NSW] . 1.5 and this action is -1 on H 2 (G,Z) 
as can immediately be seen through the isomorphism H 2 (G,Z) ^ fl^G, Q/Z) = Hom(G,Q/Z) (which 
comes from the exact sequence 0— >Z— >Q— >Q/Z— >0 and the fact that Q is G-cohomologically trivial 
being p-divisible). Then, by Proposition 1.5.3 of [NSWj . 5*(x U x) = U x which gives the result. 

The next lemma deals with the subgroup AkAk' Q Ap but there is an analogous version for UkUr' Q 
Up (just replace A by U in the statement). 

Lemma 2.3. The subgroup Ap^A^i C Al is a D-module and 

p-2 p-2 

A K A K , = JJ A T K = JJ A r(K) 

3=0 3=0 

Moreover IqAp C AkAk' ■ 

Proof. For the first assertion, see jHKj . Lemma 1. For the last one, see |Lem] . Lemma 3.3. 

We now start with the proof of the p-part of Formula [TJ 

Lemma 2.4. Define i : Ak © Ak"' ~ ^ Ap as t(a, a') = aa! . Then there is an exact sequence as follows 

-»• H°(D, A L ) ^A K ® A k , 4 A L -> F (G, A L )/H (G, A L ) A -> 

Proof. It is easy to see that the map Kert — > H°(D, Al) given by (a, a') i— >■ a is indeed an isomorphism. 
As for the cokernel of l, note that IqAl Q AkAx 1 by Lemma 12.31 Now the claim follows since 

A k ,I g AlII G Al = (A l /I g Al) {t2(7) = (A L /I G A L ) {(7) = A K I G A L /I G A L 

Therefore 

H (G, A L ) A = (A L /I G A L ) A = A K A K ,I G A L /I G A L = A K A K ,/I G A L 
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Lemma 2.5. The following equality holds 

lH o (n A ){ \H*(D,U L )\-\A k \ 
lH (A Al)1 ~ \HHD, U L )\ 

Proof. Take A-invariants of the exact sequence in Proposition ^. II the sequence stays exact. Then use that 
(^g) A = A%, A% A k and W{G, U L ) A = W(D, U L ) (j = 1, 2) because Ug = U F is A-cohomologically 
trivial (being 2-divisible) . 

The next lemma describe codescent for Al- 

Lemma 2.6. The corestriction map induces isomorphisms Hq(G, Al) = Ap and Hq(G, Al)^ = A k . 

Proof. For the first isomorphism use |KM| . Proposition 1.3. Then note that the second isomorphism 
follows from the first one being A-equivariant (since corestriction commutes with conjugation). 

In what follows we shall rewrite the orders of H 1 (D, Ul) and H 2 (D, U£) in terms of certain unit 
indexes. We first quote a simple lemma which has been used already by Lemmermeyer (see |Lem] . 
Section 5). 

Lemma 2.7. Let f : B — >• B' be a homomorphism of abelian groups and let C be a subgroup of finite 
index in B. Then 

(B:C) = (f(B) : /(C)) • (Kerf : Ker/ n C) 
Proof. This is clear because we have the exact sequence 

(C + Ker/)/C -»• B/C -»• f(B)/f(C) -> 



Remark. The preceding lemma implies in particular the following equality {B = B 1 = Up, f = Nq) 

(U l : XJkUk'Uf) = (N G U L : N G {U K U K .U F )) ■ (U L [N G ) : U L [N G ] n U K U K .U F ) 

Note that UkUk'Uf is of finite index in Ul because, for example, Ng{UkUk'Uf) is of finite index in 
NqUl (since both are of finite index in Up = Uj?) and Ul[Ng] H UkUk'Uf, which contains IqUl by 
Lemma 12.31 is °f finite index in Ul [Ng] ■ 

Recall (see Section [1]) that M[p] is the sub module of the Z p -module M which is killed by p. 
Lemma 2.8. We have 

\H\D, U L )\ = \U L [N G }/ [Ul[N g ] n U K U K ,U F ) \ • \I G U L • U F \p]/I G U L ■ U k [p}\ 

and 

\H 2 (D, U L )\ 



2,n \Ell3± 

\U k /U p k \ ■ \N g Ul/N g (U k U k ,Uf)\ 



k 

Proof. We prove the first assertion. The norm map 

U L l -^N {a) U L = U { ° ) =U K 
gives a map Ul[Nd] — > Ul[Ng] H UkUk'Uf- We consider the induced map 

N : U L [N D ) -> [Ul[N g ] n U K U K ,U F ) /I G U l ■ U F [p] 
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Note that indeed Uf[p] Q Ul[N g \ since N G is raising to the p-th power on Uf and I g Ul ^ UkUk 1 (see 
Lemma l2.3p . Then we claim that the sequence 

-> KerN/I G U L U L [N D ]/I G U L 4 (tf z [JV G ] n U K U K ,U F ) /I G U L • Efr[p] -»• 
is exact. Note that indeed I g Ul Q KerA" since for any u £ Ul 

The only nontrivial thing to prove is the surjectivity of iV: take u € Uk, u' G ZTr-' and v G jTp such that 
N G (uu'v) = 1. We can find t, i' G f7 L such that = « and (t') 1+r2ff = u'. Then 

1 = N G {uu'v) = N D (tt')N G (v) = N D (tt')v p (9) 

In particular v p G = Uf,. Note that 

u k nu p = u p k (10) 

(the surjective map Uf A stays surjective after taking A-invariants). Hence there exists w G Uk such 
that v p = w p , which implies v = wvq for some vq G ?7f[p]. Therefore 

N(tt'w^) = uu'v mod I g Ul -Uf{p\ 

and the fact that tt'w? G {/lI^/Vd] is exactly ([9"]). This proves that the above short sequence is exact. Now 
note that IdUl Q KerA" (since I g Ul Q KerN and (1 + a)(l — a) = 0) and we have an exact sequence 

-> IdU l /I g U l -> KevN/I G U L ^ (7 G [/ L • U F \p]/I G U L )* (11) 

Surjectivity is clear since {I g Ul ■ Uf[p]/IgUl) A = Na(IgUl • Uf\p]/IgUl) and not only C/p[p] C [^[Ad] 
but actually U F \p\ C KerA^. To describe the kernel, set Y = {u G | u 1+a G I G Ul} and note that 
I g Ul Q Y and Y/I g Ul equals the kernel of (fTT]) . Now if n G T, then there exists v £ Ul such that 



and in particular 



u 2 = v^u 1 -* G Id^l 



Then u G IdUl and since clearly IdUl Q Y, we have in fact the equality. Moreover 

{IgU l ■ U f [p}/IgU l ) A = (U f [p}/IgU l n C/ F [p]) A = 

= u k \p]/i G u L n c/ fc b] / G t/ L • tr fc [p]// G ^ L 

Then 

(^[iV G ] : U L [N G ] n ^^^) - {Ul[Ng] : IgUl ■ UF[P]) 



(U L [N G ] n U K U K ,U F : I G U L ■ U F \p}) 
(U L [N G ] : I G U L ) 



(I g U l ■ U F [p] : / G ?7l) ■ (C^[AT D ] : KerAQ 

jg-^G, U L )\(KevN : I D U L ) 
(I G U L ■ U F \p] : I G U L ) ■ (U L [N D ] : I D U L ) 

_ \H~\G, U L )\ (IgUl ■ U k [p] : IgUl) = 
" l^- 1 ^, ' ' U F \p] ■ IgUl) " 

Ul)\ 

" (7 G C/ L -C/ F [p] :/ G C/ L -i7 fe [p]) 
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by Lemma 12.21 Hence the first assertion of the lemma is proved. 

We now prove the second assertion (this part is actually the same as in the proof of |Lem| . Theorem 2.2). 
Note that N G U K = N D U L = N G U K r. in particular N G U K CU£ = U k . Therefore 

(N G U L : Ng(UkU k >U f )) = {N G U L : U p ■ N G U K ) = 

_ (Up : U p ■ N G U K ) _ (U F : U p ) 



(U F : N G U L ) ~ (U P F N G U K : U p ) ■ (Up : N G U L ) 

_ (Up : U p ) ■ (U p U k : U P F N G U K ) 
(U p U k : U p ) ■ (Up : N G U L ) 



Now 



(UpUk ■■ Up) 
i * ,/0= (U p N G U K :U p ) 



(U p U k : U P N G U K ) 



(U k :U p nU k ) _ (U k :U p ) _ ; 



using (|10|) and 



(N G U K : U p n N G U K ) (N G U K : U p ) 



= ^g£4 c^n iv G c/x = v% n a^c/l tu p nu k = u p 



' k — +"U<^k i= <^p < ' ^"U<^K — ^ p i ' L>v L ^= ^ p i ' ^ k — <^ k 

Therefore, using once more (|10|) . 

_ (gg : PgXgg : N G U K ) _ 
(N G U L . N G {U K U K ,Up)) - {Uk:Ul){UF:NGUL) ~ 

_\H\D,U L )\{U F :U P F ) _ (U F :U P ) 



~ \H°(G,U L )\ (U k : U p ) (U k : U P )\H*(D, U L )\ 

by Lemma 12.21 

Recall (see Section [1]) that M is our notation for the torsion- free quotient of the Z p -module M. 
Lemma 2.9. We have 

i G u L n u F [p] = i G u L n Up and i G u L n u k [ P ] = i G u L n u k 

Furthermore, there is an isomorphism 

i G u L nu F ^ u G L /Vp 

which is A-antiequivariant. In particular it induces an isomorphism 

i G u L n Up/i G u L nu k ^UL /u F = u D L /u k 

Proof. The first assertion follows from the fact that G acts trivially on Up and U k and therefore 

i G u L nu F cu L [No] nupcup [ P ] and i G u L n u k c Up [N G ] nu k cu k [ P ] 

Now consider the map 

: I G U L CiUp^ Ul/Uf 

defined by 4>(u l ~ T ) = u mod Up (u is the class of it in JTc). First of all, this definition does not depend 
on the choice of u: namely, if v 1 ^ T = u 1 ~ T , then vu~ l £ U9 = Up. Of course, the image of <fi is 

contained in (Up/U p) G = U^/U F (this last equality comes from H 1 (G, Up) = Hom(G, Up) = since 
U F is a free Z p -module with trivial G-action). Moreover <f> is clearly a homomorphism. To see that it is 
injective, suppose that <fi(u 1 ~ T ) = 1 mod U F . This means that there exist £ € tor{Up) and v € Up such 
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that u = vC- But since tor (Ul) = tor (Uf) by Lemma ll.lt this implies u T = 1. Hence <fi is injective. 

Q 

To prove surjectivity, choose an element u G U L . This means u T = u£ for some £ G tor([/£). Then 

n 1_T G tor(C/ L ) = tor(C/ F ) c [7 F and ^(u 1 ^) = u mod TJ F . 

The map is A-antiequivariant, in other words, if 5 generates A, we have 

^(u 1 ^) 6 ) = ^u 1 ^)- 8 (12) 

for any u 1 ~ T G IqUl CiUp. In fact, 

Therefore 

^((u 1 ^) 5 ) = U C&'^ mod Up 

Hence to verify (|12|) . we have to check that 



v ■- U GZJ eU F = U 



G 



Now 



V^-r- 1 = u (l-T- 1 )(I^o 3 r < )<T+(l-T- 1 )<T = ( n l-r)a(Efr 2 r-^)+ CT 

1-T\(p-1)<7+CT _ / 1-TVpCT 



since u 1 T £(/j?n IqUl which means that r acts trivially on it and it has order p. This proves that <fi is 
A-antiequivariant. To get the last claim of the proposition note that 

(i G u L n u F ) A = i G u L nu F nu k = i G u L n u k 

and, 2-divisible modules being A-cohomologically trivial, 

(U G l /Uf) A = Ul/U f , U F = U k 



Therefore <f> induces an isomorphism 



i G u L n Uf/IgUl n u k u D L /u k 



We now state and prove a lemma which will allow us to get results for finite sets which are more 
general than our fixed T. 

Lemma 2.10. Let S be any subset ofT which is stable under the action of D and let S' be the union of 
S with the set of primes above p in L. Then, for any subfield E of L containing k, 

H} t (O s E [±], Z„(m)) - H&(C%, 1 p {m)) - Hj t (E, Z p (m)) 

and there is an exact sequence 

-+ fl|(C?f [*], 7L p (m)) -)« F| t (Ol, Z p (m)) Hj t (k v , Z p (m - 1)) ^ 

w£(T^S') E 

where k w is the residue field of E at w. Moreover the function 

\Hi(k v ,Z p (m))\ (13) 

we(T^S') L „ 

which is defined on the set of subgroups of D, is trivial on D -relations (in the sense of ]DD^ . Section 
2. Hi). 
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Proof. The isomorphism and the exact sequence of the first part of the statement are well-known (see for 
example [So], Proposition 1). 

As for the last part of the lemma, let H be a subgroup of D. If w £ (T x S') l h and v is the prime of k 
below w, we have 

\toxHl t (k w , Z p (m - 1))| = \H} t (k w , Z p (m - 1))| = \H%(h w , Q p /Z p (m - 1))| = p^ - 1 ) (14) 

where ^„ is the rational prime below v, ll w = \k w \ and v p is the p-adic valuation such that v p (p) = 1. We 
also set £l v = \k v \ and f w \ v = f w /f v . Then 

2p 

j~j (^ m ( m_i ) — i) = y\ jj(^j( m_i ) — i^#i w \ v in lh with /wit) =j} 

«ie(r\S') ifl ueT\5'j=i 

Using Theorem 2.36 of |DD] (as explained for instance in Example 2.37 of the same paper), we see that 
the function 

h ^ n (^ (m_i) - 1) 

«-e(Tx5') L H 

which is defined on the set of subgroups of D, is trivial on .D-relations (being a product of functions which 
are trivial on .D-relations) . Therefore thanks to (|14p . we easily see that (|13p is trivial on .D-relations. 

The next proposition can be seen as the p-part of Formula [TJ 

Proposition 2.11. Let p be an odd prime and let L/k be a Galois extension of number fields with 
G&l(L/k) = D. Let S be a finite set of primes of L which is stable under the action of D. Then the 
following formula holds 



,s | -,,„. ,s' I l^-A~,m| 2 (UL.m '■ UK,mUK',mUF, 
'W^F ((UL,m) D :Uk,m) 



I AO | _ -«m I A 



where a m = rkz p U F , m - rk Zp £4 jm = rk z i? Fjm - rk z F fcjm is as in Formula^ 

Proof. First we prove the proposition in the case where S = T. Thanks to Lemma 12.91 we have 

(T TT tt r i T rr rrrn {I G Ul-Uf[p]:I G Ul) (UfM ■ I G Ul n U F \p]) 
(L G U L ■ U F [p : L G U L ■ U k [p ) = — — — — j- — = — nfr[ n = 

(ggjgj : I G U L nU F ) = (U F [p) : £4[p]) = (gHpj : [7 fc [p]) 

(c/ fe [p] : i G u L nu k ) (i G u L nu F -.i G u L nu k ) (UL-.Uk) 

Finally 

where a m = rk Zp J7F jm - rk Zp ^7 fcjm = rV.%R\ m - rk z i^ m (this last equality comes from (gj) is as in 
Formula [TJ Now consider the exact sequence of Lemma l2.4t we get, using all the preceding lemmas and 
the remark after Lemma 12.71 

s \A s K>m \*\H (G, A L )\\H l (D,U L )\ 
1 L > ml \AIJ\H (G, A L )*\\H*(D, U L )\ 



, A s i \ A K,m\ 2 (Ul : U F U K U K ,)(L G U L ■ U F [p] : I G U L ■ U k \p])(U k : U, 



I^.J 2 (Uf:U f ) 
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p~ am \A 



s , \ A K,m\ 2 {Ul : UfUkUk') 

F ' m ' \A S I 2 ITT D TT N 



'kj 

To get the general statement, note that, by Lemma T2.101 for any subgroup H of D, the function 

„ \ A LH, m \ 

H i-^ 



\ A L H ,m\ 

is trivial on the relation ((5|). 

We now deal with the general proof of Formula [TJ We are going to use the language and some results 
of the theory of cohomological Mackey functors: instead of recalling definitions we prefer to directly refer 
the reader to [BoJ, Section 1. The next result is essentially a consequence of the fact that D = D p is 
not ^-hypoelementary (a group is £-hypoelementary if it has a normal ^-subgroup with cyclic quotient), 
provided that £ is any prime different from p. 

Proposition 2.12. Let £ be a rational prime different from p. Let S be a finite set of primes of L which 
is stable under the action of Gal(L/k). Then there is an isomorphism of abelian groups 

Hi(O s L [\}, Mm)) Blip* [}], Z,(m)) 2 - H%{O s F [J], Z e (m)) tf|(0f[|], Z,(m)) 2 

Proof. Note that the function which assigns to any subgroup H of D the abelian group H? t (<D^ H [j] , Z^(m)) 
is a cohomological Mackey functor on D. Since I ^ p, D = D p is not £-hypoelementary which allow us to 
apply Theorem 1.8 of |Boj to conclude. 

Together with Formula [2] and a generalization of a result of Brauer (see [BaJ, Theorem 5.1), the fact 
that D = Dp is not £-hypoelementary if I ^ p can also be used to give a proof of the next lemma. Here 
we give another proof to show that one can prove Formula [T] without using Formula [2j 

Lemma 2.13. Let S be a finite set of primes of L which is stable under the action of D = G&l(L/k). 
Then the number u m is a power of p: more precisely the following equality holds 

(UL,m '■ UK, m UK',mUF,m) _ (Hl,w, '■ HF,m,HK, m H K> ,m)((H F,m) A '■ #jfc,m) _ 

«UL,m) D :Uk,m) _ ((H L ,m) D :Hk,m) " ^ 1 ' 

where He : tti = ^(O^,, Z(m)) for any subfield E of L containing k. 

Proof. Note that, thanks to (jU), the p-part of the index on the right-hand side is precisely the index on 
the left-hand side. Then we are left to show that, for any fixed prime I 7^ p, 

(Vl - VkVk>Vf)({Vf) d :Vk) , 

— w^n — = 1 <16> 

where 

V E = HUO s E {\\,Z t {m)) 
But this is easy, using Lemma 12.71 Details are as follows: first of all 

[Vl : V K V K ,V F ) = (N G V L : N G (V K V K ,V F )) ■ (V L [N G ] : V L [N G ] n V K V K ,V F ) = 1 (17) 

since 

• N g (Vl) = V® = Vp (because Vl and Z^(m) are G-cohomologically trivial); 

• Nq(Vf) = Vp = Vf (because G acts trivially on Vp and V F is p-divisible); 

• Vl[-/Vg] = L g Vl C VkVk 1 (because Vl is G-cohomologically trivial and an appropriate version of 
Lemma 12.31 holds) . 
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Moreover V L = V p (again because Vl and Z^(m) are G-cohomologically trivial), showing that (fTBD 
holds. 

The proof of Formula[Tjis then achieved, because (jH) allows us to glue together Proposition ^. Ill Propo- 
sition [2T2] and Lemma[2T3l Note that, if Hp : m has no p-torsion, then u m = (-Hx, m : Hk^Hr 1 ,mHF,m) 
(this follows easily from the last assertion of Lemma 12. 9p . 




3 Computations with regulators 

In this section we are going to prove Formula translating the higher units index 

^ _ (HL,m '■ HF,mHK,mHK' ,m){{H F,m) A '■ #fc,m) 
((HL,m) D ■ Hk, m ) 

of Formula [1] in terms of motivic (or higher) regulators, whose definition and basic properties we briefly 
recall (we refer the reader to |Neuj . §1). Recall from Section Q] that, if E is any number fields, we have 
set H E , m = H 1 (0 E ,Z(m)). 

Let m > 2 be a natural number. If X(E) = Hom(E, C) is the set of complex embeddings of E, the m-th 
regulator map we shall consider is a homomorphism 

PE, m :H E>m ^ (27ri) ro - 1 M 

This map is obtained by composing the natural map He,ui He,™®® with the Beilinson regulator map 
^2m-i(Og) ® Q — > ©^ gX ^(27ri) m_1 M via the isomorphism ([3]). Moreover, the image of p is contained 
in the subgroup of 0^ gX ^^(27ri) m_1 M which is fixed by complex conjugation: 

PE,m--H E , m ^[ (2vri) m 
\l3eX(E) 

The kernel of p is exactly the torsion subgroup of He^tu and, thanks to Borel's theorem (and the fact 
that Beilinson's regulator map is twice Borel's regulator map), we know that p induces an isomorphism 
He,™ ® M = (®^ g ;^(£)(27ri) m_1 IR) + . Then the m-th regulator of E, denoted Re,™,, is the covolume of 
the lattice PE,m{HE,m) as a subset of the real vector space (©^ g x(£;)(2vri) m ~ 1 ]R) + . Finally, thanks to 
the functorial properties of the Beilinson regulator, if a Galois action is defined on E, then p is invariant 
under this action. Then we get a generalization of Dirichlet's theorem on units (compare with [NSWJ, 
Proposition 8.6.11). First we introduce some notation: if T is a finite group and V is a subgroup of T, for 
a Z[r']-module M, we denote by Indp/M the Z[r]-module induced by M. Moreover S m (E) denotes the 
set of archimedean places of E (resp. non-real archimedean places of E) if m is odd (resp. if m is even) 
and, if E' is a subfield of E, R(E/E') denotes the set of real primes of E' which becomes complex in E. 
Finally, for a place p in S m (k), we denote by Dp any of the decomposition groups of places above p in L. 
We will use the notation lp (resp. £d p ) for the trivial Z[D p ]-module (resp. for the Z[D p ] given by the 
sign). 

Theorem 3.1. [Higher Dirichlet's Theorem] Let E/k be a Galois extension of number fields with Galois 
group r. Ifm>2is odd, then there is an isomorphism of Q[T]-modules 

H X (Oe, Z(m)) <8>z Q = I Ind£ p l Dp 

\peSm(fc) 

while, if m > 2 is even, there is an isomorphism of Q\T]-modules 

H 1 {O e , Z(m)) ®z Q — J Ind£ p£Dp Ind^l^ 

\peR(E/k) pes m+ i(fe) 
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Proof. As in the classical case, it is easy to see that 



^ , \ (©«c<? m Indn ) <g) z R if m is odd 

v/ 3ex(£) / { (® v eR(E/k) l nd Dp e Dp © pe5m+l(fc) lnd Dp l Dp J <8>z R if m is even 

as M[r]-modules (here 5 m +i(fc) is just a notation trick for the set of complex places of k when m is odd). 
The proof of the theorem then follows by the fact that pe m is a R[T] -isomorphism as explained above, 
together with Lemma 8.6.10 in [NSWJ. 

To translate u m in terms of regulators, we are going to use the technique of regulators costants, 
introduced by the Dokchitser brothers. We first define a scalar product on He,™ m the following way: 
denote by (— , — ) ao the standard scalar product on C^^L Then, for it, v € HE, m we set 

(u, v) E ,m = (PE,m(u), PE,m{v))oo 

It is immediate to see that (— , —)E,m is a Z-bilinear map on He,™, x -f^E,m which takes values in R. 
Moreover if E/E' is a finite extension and u, v G HE>. m , then 

{u, v) E ,m = [E : E'](u, v) E ', m (18) 

Furthermore, if E/E' is Galois, then (— , — )e m is invariant with respect to the Galois action. The regu- 
lator map being trivial on toizHE,m, (—, —)E,m defines a Z-bilinear map on HE, m - 

Next we recall the definition of the regulator (or Dokchitser) constant in our particular case (see [DDJ, 
Definition 2.13 and Remark 2.27 or [BaJ, Definition 2.5). 



Definition 3.2. Let M be a "L[D]-module which is Z-free of finite rank and such that M ®Q is self-dual. 
Let (•, •) be a D-invariant non- degenerate Z-bilinear pairing with values in R. Then the regulator constant 
of M is 

C{M) = «*«-.-»<*(A<-. ->i„.)' _ 2 e 
det (ra<--'>i u o) det (iM<-'->i, 



We will be interested in the case where M = EiL,m and we will use (— , —)l,w, to compute its regu- 
lator constant. Proposition 13.31 below shows that (— , —)i,,m is non-degenerate, Rh,m being non-zero if 
HL,m 7^ (note also that the fact that ffi, m ®Q is self-dual is equivalent to the existence of a Z)-invariant 
non-degenerate Z-bilinear pairing on HL )Tn ). 



For any subfield E of L containing k, set 

It is immediate to see that 

X E , m = |coker {H x (Gdl(L/E), to^H E , m ) -> H 1 (Gal(L/ E), H E> m )) \ (19) 

and sometimes this description will be useful: for example it shows immediatly that \E,m is well defined 
(i.e. the order of the above kernel is indeed finite). 

The following result is similar to Lemma 2.12 and Proposition 2.15 in |Baj : we sketch the proof since 
there are slight differences from the proof given in that paper. Recall that r\(E) (resp. V2(E)) is the 
number of real places (resp. complex places) of the number field E. 
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det«-, ■) E , m ) = (-l) m - 1 2 r2{E) (RE, 



) 2 
m ) 



C{H 



L,m) 



Lemma 3.3. We have 
Moreover 

Proof. The determinant of 

<-->«,:( (27ri) m - 1 R) + x ( (2 7 rir- 1 M)+^M 
peX(E) peX{E) 

is easily seen to be (— i) m - 1 2 r2 (- B ). Then the first assertion follows by well-know properties of scalar 
products and the definition of Re,™- 

The proof of the second claim follows from the fact that, for any subgroup H of D, 

A L H >m det((-, -)L,m\ ) = det((-, ) l h ,m) 

(this follows easily from f)19|) and (|18p . see also [Ba], Lemma 2.13 and Lemma 2.14) and the fact that the 
function 

defined of the set of subgroups H of D is trivial on relations (see |DDj . Example 2.37). 

The preceding lemma shows that the regulator constant of Hh,m is related to regulators. The next 
one shows that it is also related to a higher unit index. First we need some notation: we denote by 1 the 
trivial Q[D]-module, by e the Q[D]-module given by the sign and by u an irreducible (p — l)-dimensional 
Q[_D]-module (which is unique up to isomorphism). It can be checked that Ko(Q[D]) is a torsion-free 
Z-module of rank 3 which is spanned by 1, e and oj. We denote by (■, •) denotes the symmetric scalar 
product on Kq(Q[D]) for which the basis {1, e, to} is orthonormal. 

Lemma 3.4. [Bartel] With the notation above, we have 

C{H Ltm ) 2= p 2 (H L>m :H L H L H L ) 



Proof. See |Baj , Lemma 4.8. 

Lemma 3.5. The following equality holds 



2 

m 



{R K , m ?RF, m _- am rn .77W W (A y M,m\ K , 

fu \2 D ~^ v" L,m ■ n L,m n L,m 12 L,m) \2 

where a m = rk%HF,m — ^%Hk,m is the same as in Formula^ 

Proof. Thanks to Lemma 13.31 and Lemma 13.41 we only have to show that 

(H L , m ® Q, 1} - (H L:m ®Q, e) - {H L>m ® Q, u) = -2a m 

Suppose that *P is an infinite prime in L, such that its decomposition group D<$ in L/k has order 2. Then 
it is not difficult to check that 



Ind^lftp =1 + oj and Ind^e^ = e + u 



as Q[D] -modules. Furthermore 



Indf 1} l { i } = 1 + e + 2u 



14 



the left-hand side being isomorphic to the Q[Z)]-module corresponding to the regular representation. 
Denote by r(F/k) the cardinality of R{F/k). If m is odd, by Theorem 13.11 we have 

H L , m ®tl Q = (n(k) + r 2 (k) - r(F/k))(l + e + 2w) + r(F/fc)(l + w) 

Therefore 

(H L ,m ®z Q, 1 - e - oj) = 2(r{F/k) - n(fc) - r 2 (fc)) = -2{rk z H F , m - rk z tf fc>m ) 
On the other hand, if m is even, again by Theorem 13. 1[ we have 

H L , m ® Z Q = r{F/k){e + w) + r 2 (fc)(l + e + 2w) 

Therefore 

(#L,m 8zQ,l-£-w) = ~2(r{F/k) + r 2 (fc)) = -2(rk z F F>m - rk z # fcim ) 
and this concludes the proof. 

In order to get the proof of Formula [21 we need to compare the right hand side of the formula of 
Lemma I3"31 with u m . For this we need some result about \E,m- 

Lemma 3.6. Let Q be any of the subgroups of order 2 in D and let M be a finitely generated ^-module 
on which D acts. For any j > 1, the cohomological restriction induces isomorphisms 

H j (D, M) ^ H j {Q, M) 

Proof. For the first assertion, note that H 3 (D, M) is an abelian 2-group since M is a finitely generated 
Z 2 -module. Therefore it is well-known that the restriction map 

H j (D, M) — ► H j (Q, M) (20) 



is injective since Q is a 2-Sylow subgroup of D (see [CE] . Theorem 10.1 in Chapter XII). However by the 
description of the image of the restriction given in |CE| . Theorem 10.1 in Chapter XII, we see that the 
map in (I20p is in fact bijective since Q has trivial intersection with any of its conjugates different from Q 
itself (in the language of [CEJ, any element of £P(Q, M) is stable). 

Lemma 3.7. The following equality holds 

fry T7<°"> T7 <r2tT> T7 G \^F,mtftc,m _ (H L,m '■ H K,n*H K' ,mM F,m)^K,m 

{-tlL,m '■ tl Lm ti Lm ti Lm ) -j- 



A k,m Afc > m 

Proof. Using the notation introduced in Section [21 we have, thanks to ()17p and Lemma [TTTJ 

{HL,m '■ HK,mHK',mHF,m) = \UL,m : ^K,rrJ^K' , mPF, m) = {U L,m '■ U K,mU K' ,m.U F,: 

With similar arguments, it is easy to prove that we also have 



{Eh,m '■ H L^m H L,m H L,m) = ( U ~L,m '■ U K, m U 'jf'.m^i.m) 

Furthermore, \K,m is a power of 2 and if, for a prime £, (\k, m )e denotes the exact power of £ dividing 
Xk,m, then we have 

(use (fTUj) and Lemma 1331 applied to M = tovzHi^m ® ^2 and M = Hi^ m ® Z 2 ). Moreover \F,m = 1 or 
p (since torfC/jr m ) is cyclic) and (Xk,m)p < Ap; m (this is immediate, for example use fp~9|) ) . Thus we are 
left to check that 

{U K,mU K> ,m^L, m : U K, m U K' , m U F,m) = , 7 F ' "! (21) 
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Note that 



(U K,mU K' ,nJ^L,m : U K,m,U K', m U F,m) = (U^m '■ {U K, m U K' , m U F,m) G ) 



Q 

In the rest of the proof we let the subscript m drop and we shall suppose that U L ^ Uf (otherwise (|2"Tj) 
is trivially true). 

Suppose first that IqUl H XJ\~ ^ IqUl H Uf (which is equivalent to Xp = {Xk) p = p by Lemma [23D- Let 
u G Ul be such that the class of [u] G Ul is nontrivial in U L /U p: then u T ~ 1 = ( generates IqUl H Uf 
which is cyclic of order p (note that we also have u T 1 ' 1 = Then u^ l+ ^ G U K C U K U K <U F and 

(u (1+-))(t-D = u (t-1)(1+«t) = u r-l u (r-l)a = = ( 2 

because a acts as —1 on IqUl^Uf (the latter being different from IqUlC\Ui. by assumption). This shows 

q 

at once that [u] 1+a G (U rU ' k'U ' f) G but [u] 1+<T ^ {J F (since a acts trivially on U l /Uf and [u] £ Uf) 
and therefore U L = (U kU k'U f) G (since U G /U p has order p). 



Now suppose that IqUl H £/& = ^g^l H f/p and we have to show that {U kU k'U f) G = ^F- First of all 
we observe that 

u p K nu k = U p k (22) 

In fact, of course Ug Pi L/fc 2 U?. Conversely, if u G Uk and u p G {7^, then u p ( T_1 ) = 1. In particular 
u T ~ 1 G Ig^l H Ul[p] = IqUl H £7f = /g^l H E/j. (use Lemma [TTT1 and Lemma [23]) . But this means that 

u «r(r-l) = u r-l 

and since M ff ( T_1 ) = u T 1-1 (because u T 1-1 = u~ r+1 G U^), this implies that u t2 = u. Therefore 
u G Uf H = C/fe and therefore £7^- Pi C f7£. Now consider an element in (U kU k'U f) G ■ it can be 
written as [uv T w] with u, v G and w G i/p satisfying 

(nu T ii;) r_1 G tovUi 

Actually (uv T w) T ~ 1 = (uv T ) T ~ 1 = £ G t/fc[p] (thanks to IqUl D E/& = Ig^l H i/jr, Lemma [L~T1 and Lemma 
12. 9p . This implies that 

In particular 

,p \ r2<T 



A quick calculation then shows that (uv) p = (uv) pT . This means that (uv) p G Up H fT^ = Then 



(to) p G f/j^ C\Uk = U% thanks to (f22|) . Then u = v z with z £ Uk and therefore 



This implies that 

— — G Up n I G *7 L = i7 F [p] n I G Z7 L 
which means v T jv G torz fT/, C Up. Then £ = 1 and [uv T w] G £/f. This concludes the proof. 

Collecting all the results we have proved so far, we get the proof of Formula [2] and therefore of the 
higher Brauer-Kuroda relation ([8]). 
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